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For stability, it is necessary and sufficient that the coefficients [a(2) +a(4)] and [a(l) triangle (see Chap. 5 ) , which requires that
326 8.16
CHAP. 11]
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Find the system function of the following network:
1 1 2 5 14 42 132 429
x(n)
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		For a given height h > 0, the binary tree with the most nodes is the full binary tree. Corollary 11.1 on page 202 states that that number is n 2h+1   1. Therefore, in any binary tree of height h, the number n of nodes must satisfy n 2h+1   1. The binary tree with the fewest nodes for a given height h is the one in which every internal node has only one child; that linear tree has n = h + 1 nodes because every node except the single leaf has exactly one child. Therefore, in any binary tree of height h, the number n of nodes must satisfy n h + 1. The second pair of inequalities follows from the first by solving for h. Let T be any binary tree of height h and size n. Let T1 be the smallest complete binary tree that contains T. Let h1 be the height of T1 and let n1 be its size. Then h = h1 and n n1. Then by Corollary 11.1 on page 202, n n1 2h+1   1. The required inequalities follow from this result.
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		This system is a feedback network that has the following form:
0 1 1 2 2 6 3 20 4 70 5 252 6 924 7 3432
x(n)
Figure 11.40 shows how the forest that produced the specified binary tree was obtained by reversing the natural map.
G(z)
1 2 3 4 5 6 7 8
Find the system function of the following network:
11.27 11.28 11.29
x(n)
1 11=1 1 1+1 1 = 2 1 2+1 1+2 1 = 5 1 5+1 2+2 1+5 1 = 14 1 14+1 5+2 2+5 1+14 1 = 42 1 42+1 14+2 5+5 2+14 1+42 1 = 132 1 132+1 42+2 14+5 5+14 2+42 1+132 1 = 429 Table 11.1 Catalan numbers
The system function of this network may be found by writing down the difference equations corresponding to each adder and solving these equations using z-transforms. A simpler approach, however, is to redraw the network as follows,
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		public int leaves() { if (this == null) { return 0; } int leftLeaves = (left==null   0 : left.leaves()); int rightLeaves = (right==null   0 : right.leaves()); return leftLeaves + rightLeaves; } public int height() { if (this == null) { return -1; } int leftHeight = (left==null   -1 : left.height()); int rightHeight = (right==null   -1 : right.height()); return 1 + (leftHeight<rightHeight   rightHeight : leftHeight); } public int level(Object object) { if (this == null) { return -1; } else if (object == root) { return 0; } int leftLevel = (left==null   -1 : left.level(object)); int rightLevel = (right==null   -1 : right.level(object)); if (leftLevel < 0 && rightLevel < 0) { return -1; } return 1 + (leftLevel<rightLevel   rightLevel : leftLevel); } public void reflect() { if (this == null) { return; } if (left != null) { left.reflect(); } if (right != null) { right.reflect(); } BinaryTree temp=left; left = right; right = temp; }
which we recognize as a cascade of three second-order networks. Therefore, the system function is the product of the system functions of each network in the cascade, and we have
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